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i 1 
INTRODUCTION 
The purpose·of this p~per is to evaluate to a fir~t 
approximation and from theoretical considerations only, the normal 
frequencies of vibration for the infra-red and Raman SBectra of 
three isomers of pentane {c5H12). Reference to work by previous 
investigators on cyclopentane,which has two hydrogen atoms less 
than the others, is also included. The theoretical data come 
from the geometrical symmetry of the molecule, the force 
constants due to c-c stretching and c-e-o bending, the angles 
bet\'reen carbon~ atoms, and the masses of carbon and hydrog51n atoms. 
These computed frequencies are to be compared with as ma~ experi-
mentally determined frequencies as are available. Very little 
app~ars in the literature in the nature of experimental w.ork 
excep~ for cyclopentane. The work of this paper is confined to the 
skeletal frequencies due to vibrations of the carbon atoms, 
considering the hydrogen atoms frozen to the carbon atoms. The 
mass of the hydrogen atoms~ia; of course, considered. Some work 
on cyclopentane is reported in the following references.1' 2'J 
1. E.K.Plyer and N .Acquista, 11 Infrared Absorption Spectra of 
CycloHy!lrocarbons, 11 J. Res. Nat. Bur. Stand. Washington, ~ 57 (1949) 
2. J.E.Ki1p_!a.tricl, K.S.Pitzer, R.Spitzer, 11The Thermodynamics 
and Molecular Structure of Cyc1opep.tane, 11 J. Amer. Cham. Soc., 69 2485 
( 1947). 
3· J .E.Rosenbaum and H.F.Jacobson, 11Raman Spectrum of Cyclopent~l.'le 
and some of its Monoalky1 Derivatives, 11 J. Am. Cham. Soc., _22 
2841 ( 1941). 
/, 
HISTORICAL BACKGROUND 
The. problem of de~ermining the possible modes of vibration of 
the atoms in a molecule has interested physicists for over twenty 
years. QUantum as well as classical mechanical approaches have been 
used. For problems involving the skeletal frequencies of polyatomic 
molecules it has been shown1 that for small vibrations assumed simple 
harmonic, the .classical theory yields the same result as the quantum 
theory. This can be illustrated by substituting the classical 
expression for potential energy in the Schroedinger equation and 
solving for the eJWrgy, w~. 
\1 = energy = h "" (n + ~) n n = o, 1, 2, ;, • • • • • 
where-,/" is the classical frequency of t~e same mechanical system. 
Iff ~ f th •tt"d lJ..ght -- wn- wm (nand mare = requency o e eml. e 
h 
consecutive integers) then 
f = h v0 (n + i) - h J,. (n - 1 + i) = Vo 
h 
Therefore the emitted light has the same frequency as the classical 
value. 
Dennison, at the University of Michigan, E. Bright Wilson, Jr.2 
at Harvard University, P. Torkington;, in England, G. B. B. M. 
Sutherland4 at Cambridge, England to mention only a few; have studied 
1. D.M.Dennison, 11The Infrared Spectra of Polyatomic Molecules, 11 
Rev. of Mod. Phys., 2, 280-;45 (19;1). 
2. E. B. Wilson, Jr., 11Note on a Form of Secular Equation for Molecular 
Vibrations, 11 J. Chem. Phys., 12., 7;6-8 (1947). 
;. P.Torkington, 11Developments in the Theory of Secular Equation for 
Molecular Vibrations," J. Cham. Phys., ]]_, 1026-;6 (1949). 
4. G·.B.B.M.Sutherland.and D.M.Dennison, 11The Potential Functions 
of Polyatomic Molecules, 11 Proc. Royal Soc. A. 148, 250 (19;5). 
2.. 
phases of ~he problem. Same have done theoretical work ~o de~ermine 
the normal freq~encies for particular molecules such as H20 and 092· 
Others have done experimen~al work on particular molecules. A number 
of investigators have concerned themselves with determining the force 
constants for numerous types of molecules. Benzene is a favorite 
subject for investigation. 
Kilpatrick, Pitzer, and Spitzer studied the ~hermodynamics of 
cyclopentane as well as the molecular structure. They made 
calculations on the planar model of cyclopentane which conforms to one 
of the symmetry groups. Their calculations were made in such a way 
that it was possible to separate frequencies resulting from stretching 
of the bonds from frequencies resulting from a change in the angles 
between bonds. The conclusion reached by ~he above named inve~tigators 
was that experimental frequencies and calculated frequencies agreed 
fairly we~l for the region above 800 cm-1, but that below that value, 
there was practically no agreement. 
Rosenbaum and Jacobson, in 1941, published a table comparing 
frequencies of two previous investigators with their own computed 
frequencies for the Raman s~ectra of cyclopentane and some of i~s 
monoalkyl derivatives. 
Fy.'):er and Acquista in 1949 published data on the infrared 
spectra of a number of cyclo-hydrocarbons. This investigation was 
undertaken for purposes of identification of characteristic banda and also 
to. compile data useful in testing the purity of comp9unds. 
3. 
METHOD OF COMPUTING FREQUENCIES 
It would perhaps be the obvious procedure to set the problem 
up with fifteen coordinates (in the case of a molecule containing 
five atoms) minus three degrees of freedom of pure translation of 
the molecule as a whole and minus three more degrees of freedom of 
pure rotation of the molecule as a whole, and set up nine Lagrangian 
eq'l!ations for integration. The labor of solving these nine second 
order differential eq~ations simultaneously would be almost 
prohibitively· great, and as an a,nti-climax, mazw of the expected 
frequencies would turn out to be non-existent. 
Ho'lrrever, symmetry considerations may be used to discover the 
non-existence of certain frequencies at the outset. 
Furthermore, use may be made of the fact that with an off-
hand choice of coordinates, the variables are hopelessly mutually 
entangled with each other in these nine equations, whereas a set of 
coordinates may always be found (normal coordinates) in lthich each 
variable occurs separately in its own equation. 
To compute theoretically the normal freq~encies of vibration of 
a molecule, the first step was to determine to what symmetry groups 
the possible configurations of the molecule belong. In the case of 
pentane there are three isomers. Since the vibration of the 
hydrogen atoms is neglected, one more case, cyclopentane, may also 
be taken as a five-atom molecule and although not an isomer, will 
be considered. 
Geometric Approved Chemical Symmetry 
Configuration Nomenclature Symbol Group 
H H H "~H normal pentane OH5(0H2)5oH5 02v 
H H ·' H H H N 
·~· H t- H 2,2-dimethyl propane O(OH5)4 Td li e e H 
H H H H 
• 
N H 2-methyl butane OH50H20H(OH5)2 o,.. H ~ H s H H H HH 
·{]. (OH2)5 H " It H cyclopentane D5h 
II H H 
The symmetry tables corresponding to these symbols·are in 
accordance with the treatment of Herzberg in Infrared and Raman 
Spectra~ Polyatomic Molecules. The tables contain symmetry operations 
and the characters of these operations. 
The next step was to determine the frequencies with which the 
atoms of the molecule can vibrate (exclusive of vibrations involving 
translation of the center of gravity of the molecule or a pure 
rotation of the molecule). The present case then, considering only 
carbon atoms, started with a maximum of nine f7equencies. The modes 
of vibration were denoted as follows: for non-degenerate modes 
A1, A2 represent symme~ric modes; B1, B2, skew-symmetric modes; 
for doubly degenerate modes, E1, E2, etc; for triply degenerate modes, 
Fl, F2, etc. 
As an example, take the symmetry group C2v to i"Ihich 
02v E c2(z) o;_,(xz) o-v(yz) E = identity operation 
Al +1 +1 +l +l 02= rotation about a two-fold 
A2 +l +1 ~1 -1 axis 
Bl +1 -1 +1 -1 av= reflection in the 
B2 +1 -1 -1 +1 indicated plane 
In this table -1 denotes skew-symmetry and +1, symmetry; the vertical 
columns refer to operations and the horizontal rows to modes of 
vibration. In order to determine the number of freq~encies 
corresponding to A1, A2, B1, B2 either of two methods may be 
followed. 
The first method involves a continuation of the symmetry table 
shown above.1 The remaining part of the table is shown below. 
{? 0 1r 0 0 
UR • 5 1 1 5 
.±.1+2cos~ ~ -1 1 1 
X 15 -1 1 5 
- 9 
-
1 1 5 
--
The various .rows are completed as follows: 
~ = angle through which the ~ymmetry operation at the head of the 
column takes the molecule. 
-1. s. Bhagavantam, Scattering of Light and~ Raman Effect, Appendix VII 
b. 
·. 
UR = the number of invariant atoms under the several operations 
(designated in general by R). 
(:!:,l+2cos~) = sum of the terms on the main diagonal of a determinant 
made up of the coefficients of the original coordinates in the trans-
formation equations for a pure rotation, or rotation and reflection. 
As further explanation, consider the rotation of axes x, y, z into 
Xl, Yl' Zl through an angle se about the z-axis. 
x1 = x cos ~ + y sin ~ + 0 z 
Y 1 = -x sin f + y cos ~ + 0 z 
+Oy + z 
The determinant of coefficients on the right is 
cos f 
-sin~ 
0 
sin~ 
cos~ 
0 
0 
0 
1 
The spur of this determinant is +1+2co~f • 
If the operation had been a rotation about the z-axis and then 
a reflection in the xy-plane, the eq~ations would be the same except 
that now z1 = -z. Hence the spur would be -1+2cos§f. 
7. 
A reflection can be considered as a rotation of zero radians 
about an axis perpendicular to the plane of reflection followed 
by ·a reflection in the plane. For example, a-v(xz) can be thought 
of as being made up of a rotation of 0 radians about the y-axis 
followed by a reflection in the xz plane. Renee for the identity 
op~ration"and for pure rotation, +1 + 2 cos~ is used and for all 
other operations, - 1 + 2 cos f . 
X= the character of the operation- and is found by multiplying 
UR by the corresponding spur. 
- = (UR - 2)( + 1 + 2 cos m) for the identity and rotation operations. 
:=: = (UR)(- 1 + 2 cos ~ ) for all other. operations.:=:: for the E 
operation.should be (JN- 6) which is 9 for the present case. This 
is the total number of freqqencies to be divided into 4 groups. 
The number of frequencies corresponding to: 
Al = (9)(1) + (l)kl) + (1)(1) + (5)(1) =9 + 1 4 1 + 5 ... 4 
A 9+1-1-5 2= 4 =l 
9-1+1-5_1 Bl = 4 -
B2 =9-l-1+5=~ 4 
These add up to 9, hence these are all the frequencies 
The second method of determining the number of frequencies is 
discussed by Herzberg. 1 Using this method it is necessary to determine 
1. Gerhard Herzberg, Molecular Spectra and Molecular Structure, II, 
Infrared and Raman Spectra of PolyatomicMolecules, Chapter II, sec. 4. 
~. 
the number of similar atoms not on any element of symmetry,.M; 
the number of atoms lying on all symmetry elements present, M0 ; 
the number of sets of atoms lying on the xy, yz, xz planes, but 
not on any axis through these planes, Mxy, Myz' Mxz; 
and so on. 
Herzberg gives expressions involving these quantities and their 
multiples using the possible number of degrees of freedom for each 
symmetry type. 
As an illustration, refer to the symmetry table above for o2v. 
For c2v, M = O, M0 = 1, Mxz = O, Myz = 2, for n-pentane; and the 
frequencies are as follows: 
Al ;M + 2Mxz + 2Myz + Mo- , 0 + 0 + 4+1-1=4 ... 
A2 ;M + Mxz + ~z - 1 0 + 0 + 2- 1 = 1 
Bl 3M + 2Mxz + Myz + Mo - 2 0 + 0 + 2 + 1- 2 = 1 
B2 ;M + Mxz + ~z + Mo - 2 0+0+4+ 1- 2 = ; 
which are the same as those computed by the first method. 
By means of the symmetry operations plus the tw.o assumptions. :!:;hat. 
(1) there shall be no translation of the center of mass of the molecul~ 
and (2) that the angular momentum shall·be zero, it was determined 
which of the fifteen possible coordinates of the five carbon atoms 
remainJfor solution of the problem. 
Since the labor of computation becomes prohibitive if 
oscillations of both hydrogen and carbon atoms are taken into account, 
it was assumed as an approximation, that the hydrogen atoms were 
frozen to the carbons and would be considered only in determining the 
9. 
I 
mass of each mass point. The frequencies thus ~ound would be 
skeletal freq~encies of the isomeric pentanes. 1'1ith no restrictions 
the possible coordinates are: 
Xl yl z-1 
x2 y2 z2 
x5 y5 z5 
x4 y4 z4 
x5 y5 z5 
These coordinates do not all have the same origin. The equilibrium 
position of each atom is the origin of its coordinates; i.e. x1,y1,z1 
have their origin at the equilibrium position of atom 1, etc. 
Out of these fifteen coordinates for A1, all except four were equal 
to zero or could be expressed in terms of the remaining four. 
The method of reducing the number of coordinates follows. 
z. 
J-----Y 
x, 
X 
The identity operation.merely transforms each atom into 
itself and gives no information about the coordinates. 
02(z) implies a rotation about the z-axis which is a two-fold 
axis. z is called a two-fold axis because, i'Then the operation is 
carried out once, through lf radians, the atoms in the molecule 
are back in a position similar to their original equilibrium positions, 
and therefore it takes two of these 180° rotations for the entire 
;60°. The small arrows shown in the diagram represent components: in the 
lo. 
x, y, z directions of small displacements of the atoms from their 
equilibrium positions. 
If the z-axis is assumed to pass through atom number ) and a 
r,otation of lT radians is ''performed, atom 1j:l would be in the position 
of atom /J: 5, #2 would interchange with #4,, and 1/? would remain in 
place. But instead of thinking of the atoms as changing their 
equilibrium positions, consider that #5 takes on the displacement 
of #1 and so on. This allows the use of approximations good only 
for small vibrations. Then from this operation for A1, the 
coordinates follow. Referring to the table, the symmetry of the 
operation c2(z) corresponding to A1 is denoted by +1. This must be 
considered in determining coordinates. 
Since the system (and force field) remains invariant with respect 
to a transformation with +1 or -1, the Hamiltonian must also.. Hence 
for a non-degenerate state an operation R on a normal coordinate can 
only send it into plus or minus itself. For degenerate cases the 
normal coordinates go into an arbitrary linear combination of all. 
If x1 was a displacement in the + direction, by the time the 
rotation was completed, it would be negative. Hence the 
coordinates were recorded as 
xl =- x5 
x2 = - x4 
x5 = - x3 
yl =.- y5 
y2= - y4 
y)= - Y) 
Z"l = z5 
z2 = z4 
z5 = z5 
From these it appeared that x5 and Y) must be zero since these 
displacements must equal their O'l'm negative. The 15 coordinates 
were now reduced to 7 independent coordinates not ~ero. (If the 
operation had been skew-symmetric (-1), the coordinates would have 
been 
II. 
Yl = Y5 
Y2 = Y4 
y'5 = Y; 
and z~ would have been zer.o.) 
Consider the~next symmetry operation, OV(xz), still tdth mode 
A1 in mind. Imagine placing a mirror in the xz plane passing 
. . 
through atom #; and determine possible relations between coordinates. 
Y'l =- y5 
Y2 =- Y'4 
Y; = - y'5 
The relations among coordinates must hold for all symmetry 
operations. This led to the conclusion that xl = x2 = x'5 = x4 
= x5 = o. Already it had been determined that Y'5 = 0. The 
remaining coordinates were 
Yl' Y2' zl' z2' z'5. 
The next operation, oy(yz) yielded no new information. This was 
the last of the symmetry operations but one more relation had to be 
found to reduce the independent coordinates not equal to zero; to 4. 
The next step was to use the two assumptions given earlier. The 
first was the simpler one, namely 
The mass of 1 carbon + '5 hydrogen atoms was called m1 and the mass 
of 1 carbon + 2 hydrogen atoms, m2. 
12. 
.. 
Since all the x 1s are zero, this is obviously true. 
Putting in the relations already found, 
which gives no additional relati9n. 
m1z1 + m2z2 + ~z; + m2z4 + m1 z5 = 0 
Substituting 
or 
from which 
This is the one additional condition needed. 
x1 = x2 = x; = x4 = x5 = 0 
Y1 = - Y5 Y2 = - Y4 Y; = 0 
If more conditions were needed, we could utilize the conditione 
involving setting the angular momentum equal to zero. These 1r10Uld 
give: 
:a_ mJ.. ( y. z . - z.; y . ) = o'-J. l. ... l. 
The relatione found satisfy these eq~ationa and no new relatione 
result from the substitutions. 
These equations come· from the expressions :E:_miri X vi = 0 1 
where r and v are vectors. This relat~on,ia expreased·in the 
determinant 
i j k 
rxi ryi rzi = 0 
. . 
xi yi zi 
Since the angular momentum of the whole molecule ia referred to an 
axis through atom#~' the distances ri must be computed from atom#;. 
A method of finding this distance will be given now. 
1. Herzberg, footnote p. 61. 
1'/. 
z 
J----Y 
X 
Let ~12 be the vector along the bond between the equilibrium 
positions of atoms #1 and #2 directed toward the higher numbered 
atom. The length of this vector represents the length of the 
bond, when the two atoms occupy their eq~ilibrium positions; 
...t'2,, .1?4' ~5 are similar. Let Si be a vector repree:enting a 
displacement of the ith atom. 
r 1 is the distance £rom atom #' to the displaced position of 
atom #1. r 2, r4, r 5 are similar distances. r' is merely the distance 
from the eq~ilibrium to the displaced position of atom#,. 
r 1 = - ~2, - .J12 + S, 
r2 = - .L-2, + Oz. 
l'' = SJ 
r4 = + ~?4 + s'l 
r5 = + ~?4 + ,145 + ~.s-
The lengths of the bonds are assumed to be equal and the angles 
between the bonds are assumed equal, with all atoms in the 
equilibrium positions. Let a and b represent distances aa 
' 
IS"; 
indicated in the last diagram, then the lengths of the bonds in!the 
eq~ilibrium pos~tions are as follows: 
~12 = + aj + bk 
~ = + aj - bk 2; 
,L ;4 = + aj + bk 
.-145 = + aj - bk 
where i, j, k are unit vectors in the x, y, z directions respectively. 
Since the molecule is assumed to be entirely in the yz-plane in this 
configuration, there are no components of the bond length in the 
x direction. 
B,y means of these two sets of equations, r 1, r 2, r;, r4, r5 can be found. 
Ito. 
• o iwt o To find x1, let xi = xi e where xi is. the value of xi 
when t = 0. This is a periodic function expressing the 
coordinates when the atoms vibrate '\'lith assumed simple harmonic 
motion (small oscillations about the equilibrium position). 
iw is constant and can be taken outside the summation sign. But 
since each summati9n is set equal to zero, iw can be cancelled ou~ 
and the equations are 
~mJ..(r .z. - r J..y.) = 0 YJ. J. z :~; 
By the above process, the coordinates for A2, B1, B2 were found to be 
Y1 = Y2 = y~ = Y4 = Y5 
z1 = z2 = z~ = z4 = z5 = 0 
2mlxl 
xl = x5 x2 = x4 x~ = - m2 
Y1 = Y2 = y~ = Y4 = Y5 = 0 
z1 = z2 = z~ = z4 = z5 = 0 
17. 
·Once the coordinates are found, the next step is to set up the 
potential energy functions. Since these oscillations are assumed to 
oe small, the energy relations may be written as quadratic functions1 
T = ~ ~ d .• qr. qj ij ~J ~ 
where V stands for potential energy, T represents.>kinetic energy, 
qr:stands for a:ny coordinate and ciJ. and di. are constants. 
J -
There are two factors which contribute to the potential energy: 
the stretching of the bonds, and the bending which causes a change in 
angle between bonds. 
Lij is the vector representing the length of the bond joining 
< 
the ith and jth particle after the displacemen~ of these 
two particles • 
..-/ij is the vector repr~~enting the original length of the same bond. 
$· is the displacement vector for the ith atom. 
l 
S· is the displacement vector for the jth atom 
J 
1. S. Bhagavantam, p. 194. 
18. 
Then j > i 
The potential energy function will containJterms such as k1(~Lij)2• 
Therefore these expressions must be evaluated in terms of the inde-
pendent coordinates for the section of' the repres.entation involved. 
For the case of B2 under n-pentane there are 4"such terms. 
The change in angle becomes somewhat more complicated. 
In general, Qi is the angle between the valence bonds connecting 
atom# 1 ldth #2 and atom #2 with#;. Qi 0 is the equilibrium value 
of the same angle. A Qi is the change in this angle due to 
displacement of the atoms. 
0 Q. = Q. + /). Q. J. J. J. 
Taking the cosine of both sides 
cos Qi = cos ( Qi 0 + A Qi) = cos Gi 0 cos ~ Qi - sin Qi 0 sin A Qi 
But since ~ Qi is infinitesimally small, as an approximation 
I '1. 
( 9 o)2 l cos tli - cos i = ( A ei)2 
sin2 9. 0 
J. 
The cosine of the angle between 112 and 12~ is found from the scalar 
product 
or 
112· 1~2 
1112111~21 
( 4. 9i)2 must also be evaluated in terms of the This expression for 
coordinates. For the case of B2 under n-pentane, there are three 
such expressions. 
The potential energy function is the sum of two groups of 
terms 
where i and j are consecutive numbers from i to 5 and te1 and k2 
are force constants. 
l. 0. 0. Ahonen, Ph. D. Dissertation, A Theoretical Evaluation of 
The Normal Frequencies of Vibration of the Isomeric Octanes, p. 87 
20. 
\ 
Two Methods of' Evaluating ( 4 L· . ) 2 l.J 
The general expression f'or ( 4 Lij)2 is 
For B2 under n-pen"tfane, the f'our expressions are as f'ollovrs: 
2 '· 
I L;;t.l = w2a + ~;2 + 2mlylt ~ ("2ab + :!azl + "20y2t f' 
I L451 = {(a+ Yl - y2)2 + l'"2ab - '"2a"!2: 2mlazl - '"2Y1ir2 tr'' 
2 Each of the expr~ssions for ( ~ Lij) must be expanded into a series 
to remove the radicals. 
By the first method, a Taylor's series can be used, keeping 
' no terms of highe~ than second power. By the second method, the 
binomial expansion can be used. 
Method 1. Taylor's series · 
f(q1, q2, q;) = f(o,o,o) + f:q1(o,o,o)~1 + f~q2(o,o,0)q2 
+ f' (o,o,o)q~ + ir [ f"q (o,o,o) q12 q; , .. - 1 ql 
+ f 11 q (O,O,O)q2
2 + f 11 q (O,O,O)qi2 
. 2q2 . ;q; , 
+ 2f''q q (o,o,o)q1q2 + 2f''q· (o,o,o)qiq; (1) 
' 1 2 • 1~ -c 
+ 2f11 q (O,O,O)q2q;J + •••••••••••• ~ 2q; 
The T~lor 1 e series was \i.ritten around the equilibrium position of 
each atom as origin. Renee the partial derivatives were taken for 
each L1Lij' then the variables were allowed to go to zero and the 
resulting expression substituted in e~uation (1) 
The constant term will be zero because with each atom in its 
equilibrium position, no contribution would be made to the potential 
energy function. This term will be zero. 
22. 
The potential energy is an even function of the variables, so 
the first deriv~tive terms are zero. Beyond the first power terms, the 
partial derivatives will not, in general, be zero. No terms beyond 
the second power need be saved because the oscillations are small 
anyway. Following this process, the expansions for the ( 4 Lij)2 for 
B2 under n-pentane were: 
2 2 · 2ab(- m2 - 2m1) 2b(- m - 2m1) + 2(- a + b ) yly2- ylzr 2 
m2 .. am2 
2.3. 
These four eq~ations added together and multiplied by k1 constituted 
the first part of the potential energy function. 
The rest of the potential function came from the expansion of 
= 112 • L32 
111211 1;21 
The expression for(~ Qi) 2 became quite complicated when the value 
of cos Q. in terms of the coefficients was substituted, so, to 
l. 
minimize the opportunities for error, a substitution was made for 
the numerator and for the denominator of cos Qi. 
Let Al = Ll2• 132 and n/t • I 112111;21 
A2 • L2;• 14; 
1,. 
D2e • 112; IIL4;1 
1.. I 1;411X,4I A; • L;4• 154 De= ; 
These eqqations were expanded into Taylor 1s series as indicated 
above. To make the computations as systematic as possible, and to 
detect errore, a table was constructed containing the first partial 
derivatives of the ~ and the Di with all variables referred to their 
origins, before the functions themselves were differentiated. 
Al • -{a+ 3'2 - Y"l)t'¥- ~:2- 2mlY'J) 
_ (m2ab - m2az1 - 2m1 az1 - m2by 2' (- m2ab + 2m1 az-1 + ~l:iy 2' 
\ m2a 7\ m2a J 
(- "2ab + ~:•1 + "2b:r2) +("2a- '::2- 2mfJ92. 
(~ab:;~ m2azc1 - 2mlaz1 - "'2liv~2. + (m2ab - "'2azl - 2mlazl - "2b:r2 Y 
m2a :DJ:2a J 
( -m2ab + 2m1az1 + m2by2 \2. 
m2a J 
The table of first partial derivatives of A1 and Qf Di looked as 
follows: 
(Al~o • - a2 + b2 
( ~ A1) :oo: m2a + 2m1a 
aYl o m2 
~ A1 2(a2-b2) (~y2)o• a 
, ~ D1 2 2 m2+2m1 ( ~ Y
1
) 0 = -2a(a +b )( lli2 ) 
( ~ D2) = -4{a2+1Jf)2 
~ Y2 o a 
2.S: 
The notation ( )Oowas used to indicate the derivative after all 
variables were set eqt;a:l to zero. No derivatives of Ai and Di 
were needed of higher order than the first. 
Next differentiating the expression for ( ~ e1)2 
~ ( Ll 9 )~· _l._ ~ A :1. 3 ;) D 
.l s 2(A1D1-a- cos 91°) ~ D1-;a ... !A1D.:f~ __!( l .) (2) ~ yl oYl )Yl sin2 9lo/ 
In order to evaluate ·completely the derivatives when the coordinates 
are set equal to zero, expressions for cos 91° and sin
2 e1° were 
found in,terms of a and b 
9 0 
cos ....!... = """"r:=b;:::::::=~ 
2 \) a2 + o2 
But Cos 2A = cos2 A • sin2 A and sin 2A = 2 sin A cos A. 
Therefore 
and 
. i 2 .... 0 
•• s n 'l:l'i :or 
Substitution of (;) and (4) as well as the appropriate derivatives 
of Al and D1 inJeq~ation (2) showed that the first derivative was 
eq~al to zero. Substitution in the expression:.for ( ~ 91)2 showed 
(4) 
that also vanished. Similarly £or the other first derivatives. 
The second derivatives did not vanish. 
1 
The first term was evaluated from the expressions already given and 
the second term did not have to be evaluated because the first 
factor was always zero when the variables were eq~ated to zero. 
z,2 
l 
2.1. 
The potential energy function \'las then l'lritten 
V = -ik:l( A Ll2)2 + -ik:l(A L2~)2 + ~l(Ll L54)2 + -ik:l(A L45)2 
+ -ik:2(Ll Gl)2 + ilc2( 4 G~)2 
Two values of force constants k1 and k2 were chosen from the 
literature, at the beginning of the problem. The first set was 
taken from Kohlrausch. 1 These were constants given for the 
system containing ~ atoms H~G-OH2-0H~. 
k1 = ~.84 x 105 dynes/em. k2/L 2 = 0.~4 x 105 dynes/em. 
where ~2 = a2 + bf. This set was found to give imaginary. frequenci~s 
for certain isomers and was therefore not used for the final 
computations. 
The second set was taken from an article by Charles O.Ahonen2• 
These values were 
k1 = 4.12 x lo5 dynes/om. and k2/,t 2 = 0.~7 x 105 dynes/om. 
for octane. Various values of force constants for numerous 
molecules were 'found in the literature •. None was £ound, either 
experimental or theoretical for normal pentane. 
At this stage, numerical values of a, b, m1 and m2 were 
introduced. 
Gi0 was assum~d to be 110°. Angles used in other similar computations 
were found larger and smaller than this value. It might 
1. K. \'1. F. Kohlrausch, Der Smekal-Raman Effekt, Erganzungsband, p.l~2. 
2. O. O. Ahonen, _! Theoretical Evaluation of Nprmal Frequencies of 
Vibration of the Isomeric Octanes. J. Chem. Phys., 14 No. 101 
p. 625 - 656, Oct. 1946. 
be argued that the angles at the ends would be different from the 
angle in the middle, since the f'inal carbon atoms at each end have 
; hydrogen atoms attached to them l'thile the other carbon atoms have 
2 hydrogen atoms each. However, 110° for each angle was considered a 
reasonable approximation. Then a and b could be evaluat.ed from the 
trigonometric functions of 55°. It was found more useful, however, 
to evaluate certain expressions involving a and b. 
. e 0 2ab • 0.9~969 
sJ.n i = a2 + b2 / 
0 b2 ... a2 :zlr co~ e. = 2 2 = -0.~202 J. a + b 
0 
ei a2 
sin---2 = 2 2 = 0.81915 a + b 
eo b2 
cos ~ = 2 b2 = 0.57;58 2 a: + 
e o 
tan~$ =.! 
., 
2 b 
0 G. b 
cot --l.... =-2 a 
= 1.4281 
= 0.7002~ 
Numerical values of m1 and m2 were found from tables due to 
R. T. Birgel. 
mr = OC+ ;a = 24.9~005 x 10-24 gram 
m2 • O + 2H = 2;.290570 x lo-24 gram. 
An eight place computing machine ~as used to minimize the accumulated 
errors in the last decimal places. 
Using these substitutions but leaving k1 and k; (=k~~2) in 
the equation 
2 X 10-5 V m kl 7.509; Y12 + k1 16.697 Y22 + (k1 9.5267 + k; 19.00;)z1
2 
+ k1 18.714 y1y2 + (k1 14.545- k; 48.;66)y1z1 + k1 l4.062y2z1• 
1. R. T. Birge, Reviews of Modern Physics, J:2, 2;;. 
The coefficients of the coordinates on the right were designated by 
..] 
B;LJ·. The eqqation was considered to be in the form 2V = ~ BiJ" 
IJ=I 
where q1 = y1; q2 s y2; q3 = z1• The coefficients of the cross-
q.q. 
l. J 
product terms were divided by two to find the Bij corresponding to 
the eq~ation since the summation included, for example BJ.2 y1y2 and 
also B21 y2y1 and there was·no way to determine whi~ part of the 
total coefficient should be assigned to B12 and which part to B21• 
Hence the total coefficient was divided by 2~and half assigned to each. 
Bll • kl 7~599; 
B22 = kl 16.697 
B5; = k1 9.5266 + kB 19.00; 
Bl2 • k1·9.;572 
Bl;:. kl 7 e272f- k; 24.18; 
B2; = kl 7.0;10 
These are actually the coefficients for twice'the potential energy 
but this does no harm since they are to be combined 1'1ith similar 
coefficients of the kinetic energy function and substituted into a 
determinant which is equal to zero. 
The second method of evaluating the ( 11 Lij)2 and also the 
( A 9i)2 is by the binomial theorem. Going back to the eqqation 
for ( 4 L12)2 
30. 
Substituting numerical values from page 26, 
( LlL12)2 = [- (0.81915) y1 + (0.81915) y2 - (o. 70021)(0.57~58) y2 
- (0.57958) z - 24•964 x 10- 24 (0.57~58) z J~ 1 23.290 x 1o-24 1 
This process applied to each expression to be expanded would yield 
the same result as the Taylor's expansion for the Bij" 
3/. 
The kinetic energy was compJ,Ated from the masses m1 and m2 and 
the coordinates found at the beginning of the problem. The general 
expression in rectangular O~tesian coordinates would be, 
i :II j 
Due to the relations among coordinates, cross-products did appear 
in the final expression for 2T. SUbatituting m1 = m5 and ~ = m; 
= m4 together with the coordinates for B2 indicated earlier 
2T -[2m1 + ~}Y1~ + [~+au;/+ ~J 722 
Coefficients of the coordinates on the right were designated by.Aij 
A11 = 156.96'x 1o-
24
· 
A22 = 162.5~ X l0-24 
6 -24 A;; • 2 ;.99 X 10 
8 6 -24 A12 = 99. 5 X 10 
A1; ~ 0 
-24 A2; = 69.920 X 10 
The determinant to be solved involving the B •• and the A .. l.J l.J 
multiplied by wz. where w = 2 1T" frequency, was made up with each 
element of the form (Bi..J ... w2Aij) and the determinant set equal 
to zero. 
Since the vibrations being considered were as.sumed harmonic, 
· iwt the coordinat~s were represented by an expression such as qi = Oe • 
If V = potential energy and T = kinetic energy, the Lagrangian 
function is L = T- v. 
Then the equations of motion would be 
~L 
-= 2~B·· q. l.J J 
1£ 11 •• q- + ~ B· • a. = 2._ (B-; • - c..Jz.Al.· j) ,qJ. = 0 ~~J J l.J -J l.J 
I£ this system of equations is to have a solution, the determinant 
of the coefficients must vanish. 
33. 
B!j were evaluated using the force constants k1 = 4.12 x 105 
dynes/em. and kJ = 0.)7 x 105 dynes/em. Since the Bij were of the 
order of 105 while the Aij were of the order of lo-24, a substitution 
was made f'or w2.: ...,2.= 1029 P. This made both terms of each element 
of the sgme order, 1o5, and this could be cancelled out of each 
element of the determinant. 
/ 
For B2, under n-pentane, the determinant was 
()0.9)8- p 156.96) 
()8.552 ·~ p 99.856) 
(21.015) 
()8.552 - p 99.856) 
(68.795- p 162.58) 
(28.968 - p 69.920) 
(21.015) 
(28.968 - p 69.920 
(46.281 - p 26).99) 
This is one form of the secular equation. Another form is the 
expansion of the determin~t. 
Following Descartes rule of signa, this equation could have 
) positive roots. If P is + then LVz. is + and w is real. In order 
for the vibration to be a possible one, all roots of the secular 
= 0 
equation must be positive. This meant that as each secular equation 
was found from its determinant, the signs of successive terms must 
alternate. 
Solving the above equation resulted in the f'ollowing 
p1 = 0.21821 W~== 2.1821 X 1028 w,= 1.4772 X 1014 
p2 = 0.42724 2. 4 4 28 Wz.= .272 X 10 t...)~= 2. 0670 X 1014 
PJ = 0.065289 ~;= 0.65289 X 1028 (&)3= 0.80855 X 1014 
l_ =~where c is the velocity of light = 2.9978 x 1010 em/sec, )\i 2 7rc 
2 Trc = 18.8:;6 x 1010. 
1 
= 109-7 cm-1 
~2. 
These were the wave numbers corresponding to the ' frequencies 
under B2 in n-pentane. 
3.S: 
3b. 
2-Methylbutane 
' Coordinates used to set up potential energy and kinetic energy 
Coordinates used to set up potential energy and kinetic energy 
_ _ - m1x1 - m2x2 - m;5x;5 
xl x2 x2 x4 - x5 - 2ml 
-~ _ _ x1(2am1+a 1m1 )+x2(~+a 1m2)+x2a•m2 y 1 = y 2 = y 7.. = 0 -Y.4 - y 5 -. ---=:..-~~;:;_____;,;;. ___ ~__.__ 
' 2c 1m1 
a = 0.81915 b = 0.57266 
a'= 0.54427 b 1= 0.18101 c' = 0.81915 
m1 = 24.964 x lo-24 gm. m2 = 22.290 x lo-24 ~ 
6 -24 m2 = 21. •7 x 10 gm1 
The unit of length is the distance between two adjacent carbon atoms. 
Method of setting up the problem for 2,2-Dimethylpropane 
For this case the angles between bonds should be equal. The · ~ 
following process can be used to compute the size of this angle. 
Let the length of the line joining ~ach pair of methyl groups be m. 
The line through BA is a median of the base of the tetrahedron. The 
base is an equilateral triangle. Therefore 
Then in triangle OBA 
OA = ¥fm 
0 
0..= 30 • 
The center of gravity of a prism is one fourth of the length AO above 
the base. Atom 5 is located at this point • 
• •. 00 = ~ OA = i g m = BO = DO = EO 
In triangle BOO, by the cosine law 
37. 
cos 
~is the angle between the bonds. 
For this isomer it was more convenient to solve the ninth order 
determinant which included all the frequencies involved, than to use 
the symmetry table. Following is the method followed in finding the 
potential and kinetic energy functions. 
2.. 
Let the equilibrium distro1ce between atoms along the bonds be a. 
Write the expressions for unit vectors from atom 5 to each of the 
other atoms. Call these vectors v1 , V2, v5, V4• All atoms are 
considered i~ equilibrium positions. These are the lines joining the 
center of gravity of the tetrahedron with the vertices. 
v = 1 
0 i + 0 j + a 
v2 = + a. 0.94281 i + o j - a 0.55555 k = .1. 52 
v5 = .... a o.47140 i + a 0.81650 j - a O.))))) k = L 55 
v4 = - a 0.47140 i - a 0.81650 j - a 0.')')555 k = .1.54 
Each of the 5 atoms has ) coordinates, xi' yi, zi making a total of 
15 coordinates. This number conta~ns 6 which can be expressed in 
terms of the other 9 or which are equal to zero, leaving 9 coordinates. 
When the potential and kinetic energy are found, the resulting 
determinant is of order 9. 'The six relations are found from 
:if..iriJ.·(r .y.- r .xJ..) = o XJ. J. YJ. 
where r distances are measured from the central carbon atom in its 
equilibrium position to each methyl group in its displaced position. 
Displacements from equilibrium positions 
S i = i xi + j y i + k zi 
r 1 = ix1 + jy1 + k(a + z1) 
r 2 = i(+ 0.94281 a+ x2) + j y2 + k(- o.;;;;; a+ z2) 
r 3 = i(- 0.47140 a+ x;) + j(+ 0.81650 a+ Y;) + k(- 0.))))) a+ z;) 
r4 = i(- 0.47140 a+ x4) + j(- 0.81650 a+ Y4) + k(- o.;;;;; a+ z4) 
r5 = i x5 + j y5 + k z5 
ml = m2 = m; = m4 = 24.964 x lo-
24 gram. 
4 -24 m5 = 19.9 ) x 10 gram. 
31. 
The 6 relations are 
z4 = - 1.0607 x1 + 0.;5;55 x2 + 0.70711 x4- 0.612;7 y1 + 0.612;7 y2 + z2 
• 
z5 = + 2.6554 x1 - 0.8851; x2 - 0.8851; x; - 0.8851; x4 - 1.2518 z1 
- ;.755; z2 
Using the remaining 9 independent coordinates the potential and 
kinetic energy functions can be set up as before. 
lfo. 
NORMAL COORDINATES 
If the problem had been set up originally in terms of normal 
coordinates, the matrix of the potential and kinetic energy coefficients 
would have been diagonalized. It is possible, after the frequencies 
are found to solve for the normal coordinates and for the normal 
modes of vibration. Two cases have been worked out: for B2 under 
n-pentane and for A11 under 2-methylbutane. The B2 case \'fill be used 
as an illustration of the method. 
If the kinetic energy equation was plotted in cartesian 
coordinates as it now stands, the solid figure would be an ellipsoid. 
The potential energy equation would also give an ellipsoid. The axes 
of thes.e two figures would not, in general, coincide, and transformations 
applied to diagonalize one would not diagonalize the other. But if 
... 
the matrix of the kinetic energy is first diagonalized and then the 
axes changed to make the figure a sphere, it can be rotated to any 
position and remain diagonalized. 
Start with the determinant made up of the Aij (coefficients in 
the T equation p. 46.), subtract R from each term on the main 
diagonal, and solve for Ri• 
Q-56.97 - R) 99.856 0 
Q-62.58- R) 69.920. = 0 
0 69.920 ~65.99 - ~ 
Lf(. 
R1 = 48.227 R2 = 218.28 
Set u.p the matrix equation and solve f'or do. ij 
99.856 
162.58 
69.920 
0 )(o('') (<A") 69.920 d.2.l = R1 ,;..21 26;:5.99 Q(3 J 
I "''31 
' 
and similarly f'or R2 and R; where the second subscript on ~ corresponds 
\·Ti th the subscript on R. 
o<,= - 0.65789 
()(,2.= + 0.665?7 
o<,3 == + 0.;~281 
o(2.J = + o. 71644 
r}..2.2= + 0.40851 
~23= + 0.56554 
d-3,= ... 0.2?217 
r)..32.= ~ 0.6248; 
oi.JJ= + 0. 7 4544 
The determinant of o( •• -= ... 1,.. In other cases it may equal + 1. l.J 
Transform the T equation using the relations 
Yl = ol.u y 1' + rA,2. y 2 t + c;( 13 zl' 
y 2 = oi..21Yl' + o(.22.y 2' + <k32 z~' 
zl = ~1Y1 1 + d.3Z Y2 1 + rJ-33 z1' 
which gives aT equation in Yl'2, y2 12, and z1 12• 
It turns out that the coefficients of the terms in this diagona1ized 
form are the Ri already found •. 
.". 2T X 1024 = 48.227 y1 12 + 
Next let .Y1n
2 
= 48.227 Y.1 •
2 
'. ,,2 8 • ,2 y2 = 21 .28 y2 
. 2 4 . 2 
zln = ?17.0 ~111 
8 8 • ,2 4 • ,2 21 .2 y2 + ;:517.0 z1 
Y.1
11 
= 6.9445 j,' 
14.774 Y2 1 
17.806 z1• 
or 2T x 1024 = .y1u2 + y.2112 + ~1112 (equation for a sphere) 
'12.. 
' 
Apply these transformations to the V equation (p.46). Cross-
product terms will still be present but T and V \>till be expressed in 
the same coordinate system. 
2v x lo-5 = + 0.~41'1 y1112 + 0.10720 y111y211 + 0.067776 y111 z1n 
+ 0.10720 y2 11y~ 11 + 0.146'' y2112 + 0.098981 y2 11 z1 11 
+ 0.067776 z1
11y 1
11 + 0.098981 z1
11y2
11 + 0.,2,10 z1
112 
Diagonalize the V equation by setting up the determinant of the 
coefficients \'lith P subtracted from terms on the main diagonal and 
solve for Pi. But Pi are the values already used to find the \'lave 
numbers (p. 46.) 
Solve for (3 ij following the same method as used for 
0.10720 o.l46'' o:o9898~ ~41 = P1 ~2.1 ( 0.241,1 0.10720 0 067771 ((:3'') ((3" ) o.o67776 o.o98981 0.10990 e3, f>J, 
e, = - o. 1,111 
~12. = + 0.51,87 
B3 = + o.44775 
y II 
1 = 
y211 = 
211" = 
~" Ql + 
~2.1 Q.l + 
p3( Ql + 
r~, = - o. 21668 
(3.:Q= + 0.44764 
~z3= - 0.86759 
(3,2.~ + ~1.3 o., 
(32.2.0.2 + £3.l.3Q' 
(33.2..Q,2 + (_3.,3Q,' 
Qi are the normal coordinates. 
Yl 11 = 6.9445 ( <1\,, y1 + <A<.cY2 + o<J,zl) etc. 
etc. 
~31 = + 0.64619 
~3z.= + o. 7,182 
~33= + 0.216,4 
To find the 3 normal modes, in turn make the following assumptions • 
. For tlj.e first mode: let Q,l = l ~ = 0 ~ = 0 
For the second mode: ~= 0 ~ = l ~ = 0 
For the third mode: Q,l = 0 ~ = 0 Q,3 = l 
and solve the (-3ij equations for y1, Y2' zl. 
Using the original relations among coordinates from :page 13, and 
the y1, y2, z1 just found, write the values of the 15 coordinates at 
some one instant. From these the diagrams can be dra't'tn. 
x1 = 0 
x2 = 0 
:X: = 0 3 
:X: = 0 4 
:X: = 0 5 
B2 n-pentane 
yl = + 0.07237 
y2 = - o.o6o96 
y3 = - 0.03309 
y4 = ... 0.06096 
Y:; = + 0.07237 
l.. = 784 cni1 
>., 
z1 = + 0.06068 
z2 = + o.o8729 
z = 0 3 
z4 =-0.08729 
z5 =+0.06068 
x3 = ¢ 
x4 = 0 
x5 = 0 
B2 n-pentane 
y1 = - 0.01402 
y2 = + 0.08863 
y3 = - 0.1472 
Y4 = + 0.08863 
y5 : - 0.01402 
1· 1 >-z = 1097 em-
y1 = - 0.07770 
y2 = + 0.02907 
Y;s = + 0.10829 
Y4 = + 0.02907 
'Y5 = - 0.07770 
~3 = 429 c!Ji-1 
z1 = - 0.005472 
z2 = + 0.05034 
z;s = 0 
z4 = - 0.05034 
z5 = + 0.005472 
z1 = 0.03078 
z2 = 0.08629 
z3 = 0 
z4 =-0.08629 
z5 =-0.03078 
z 
. y 
X 
x1 = - 0.097'5 
x2 = + o.o,o64 
x, = + 0.02852 
x4 = + 0.02205 
x5 = + 0.02205 
x 1 ..., .... 0.00;8) 
x2 = + 0.006)1 
XJ = + 0.17201 
x4 = - 0.07551 
x5 = - 0.07550 
An 2-methy1butane 
y1 = 0 z1 = 0 
y2 = 0 z1 = 0 
y) = 0 z1 = 0 
Y4 = + 0.09770 z4 = - 0.01487 
Y5 = - 0.09770 · z5 = + 0.01487 
\, = )28 cm-1 
0 
Y'4 = - 0.04928 
y5 = + o.o492B 
~ = 749 cm-1 
2. 
\ 
\ 
\ 
z1 = 0 
z2 = 0 
-z5 = 0 
\ I 
'V../ 
z4 = + 0.01462 
z5 = - 0.01462 
'ill 
z. 
y 
)( 
x1 = + 0.0144; 
x 2 =- 0.1;2;59 
X; = + 0.01960 
x4 = + o.o46o4 
' x5 = + o.o46o4 
A II · 2-methy1 butane 
0 
0 
0 
y4 = + 0.77919 
y5 = ~ 0.77919 
1 -1 A;= 55;5 em 
0 
0 
z5 = 0 
z4 = + o.o;;o7 
z5 = ~ o.o;;o7 
X 
z 
r---y 
Modes Active in the Infra-red and Raman 
To determine whether a given mode is active or inactive in the 
infra-red absorption spectrum, Bhagavantam gives the follol'ling 
relat.ion1 
inactive 
active 
where the symbols refer to the symmetry table. 
Similarly the mode is active or inactive in the Raman spectrum 
according to the relation given 
inactive 
active 
Using these relations and the symmetry tables corresponding to 
the three isomers the modes are active as follows: 
Infra-red active Raman active 
Al Al 
A2 
Bl Bl 
B2 B2 
n-pentane 
2-methylbutane A' A' 
All A" 
2,2-dimethylpropane Al Al 
A2 A2 
El El 
Fl Fl 
F2 F2 
1. S. Bhagavantam, Scattering of L_!ght and the Raman Effect, p. ;525 
N-Pentane 
}-v 
X 
Symmetry table 
02v E o2(z) tr v(xz) o-v(yz) No. of' frequencies 
Al +l +l +l +1 4 
A2 +1 +1 -1 -1 1 
B1 +1 -1 +l -1 1 
B2 +1 -1 -1 +1 ) 
~ 0 1T 0 0 
UR 5 1 l 5 
.±,1+2 cosCJ! ) -1 1 1 
X 15 -1 1 5 
-
.9 t 1 1 5 
-
Kinetic Energy 
Potential Energy V = ~ ~ B· · q. q. i J l.J J. J 
2V x lo-5 = + 5.7726 y1
2 + 11.54; y2
2 + 20.J82 z1
2 + 4~.992 z22 
- 11.0582 y1y2 + 8.5J84 y1z1 - 4.9616 y1z2 - 2l.J61 y2z1 
- 11.)1~9 y2z2 + 46.76~ z1z2 
Secular Equation 
+5.7726-P49.928 -5-5291 +4.2692 -2.480~ 
-5-5291 + 11. 545-P46. 581 -10.680 -5.6570 
+4.2692 -10·.680 +20.~82.,..f156.96 + 2~. )82-P99856 
-2.4808 -5.6570 · +2~.~82-P99.856 +4~.992~Pl)9.74 
Roots of the Secular Equation 
pl = 0.01~140 
p2 = 0.0~6864 
P~ = o.~84J9 
p4 = 0.)5J02 
w,2. = o .1414o x 1028 
~ 6 4 28 W~= 0.~ 86 X 10 
~:= ~.84~9 X 1028 
w:= ~.5~02 x 1028 
1 c.()i 
);.=Q'Jtc 
t 
tJ1 = 0.~6249 X 10l4 
Wl. = 0.60716 X 1014 
w3 = 1.96060 x 10
14 
c.J't= 1.8789 X 1014 
For A2 and B1 the potential and kinetic energy functions vanished, 
implying either that the corresponding frequencies were zero or 
that these frequencies were too small to be detected by this method. 
1020=0 
Kli.netic Energy 
24 6 • 2 6 • 2 6 • 2 . . .. 2T X 10 = + 156.9 yl + 1 2.58 y2 + 2 3.99 z1 + 199.71 y1y2 
+ 139.84 Y.2z1 
Potential Energy 
2V x lo-5 = + 30.938 ~12 + 68.793 y22 + 46.281 z12 + 77.104 y1y2 
+ 42.030 y 1z1 + 57.936 Y2Z2 
Secular Equation 
+30.938-Pl56.96 +38.552-P99.856 +21.015 
+38.552•P99.856 +68.793-Pl62.58 +28.968-P69.920 1015 = 0 
+21.015 +28.968-P69.920 +46.281-P263.99 
p3- 0.71077 P2 + 0.13538 p- 0.0060870 = 0 
Roots of the Secular Equation 
p1 = 0.21821 
p2 = 0.42724 
p3 = 0.065289 
1 -rQ'), -1 
- = .fv:T em ~. 
~ 28 lJ. = 2.1821 X 10 
l. 4 4 28 £<.>2 = .272 X 10 
.L = 1UQ7 cm-1 
~ . I. 
tJ, ::: 1.4772 X 1014 
14 
(c)Z. = 2.0670 X 10 
WJ= 0.80855 X 1014 
2-Methylbutane 
J-y 
X 
Symmetry Table 
OS E cr(yz) No. o:f' frequencies 
AI +1 +1 6 
An +1 
-1 ; 
~ 0 0 
UR 5 ; 
.:!:,1+2 cos ii ; 1 
X 5 5 
~ 
9 ; -
-
A' 
1 • • Kinetic Energy T = 2 ZJ Aij qi qj 
2T x 1o24 = + 49.928 x4
2 + 42.015 y12 + 52.862 y2
2 + 34.4o2 i
5
2+ 205.;7 z2
2 
+ 6ol.66 z1
2 
+ 4.7994 y1y2 + 29.550 Y1Y;- 1o1.89 y1z1 
- 56.474 y1z2 + 4.1558 y2i 3 + 206.16 y2z1 + 114.27 y2z2 
- 88.228 i 3z1 -. 48.902 Y;z2 + 645.89 z1z2 
Potential Energy V = -i 2. B .. q. q. 
i J l.J J. J 
2V x 1o-5 = + 6.0818 x4
2 
+ 4.5719 y1
2 
+ 5.5596 y2
2 + 10.)77 y)2 
+ 74.)04 z12 + 4o.251 z22 + 4.20?8 x4y1 - 0.15518 x4y2 
+ 9.4920 X4Y) ~ 14.952 x4z1 - 8.4882 x4z2 + 6.)010 y1y2 
+ 5.8858 y1y5 - 11.564 y1z1 - 12.245 y1z2 - 0.75050 y2y; 
+ 2.8124 y2z1 + 7·7?14 y2z2 - 7.7400 Y;z1 - 2.1517 y5z2 
+ 101.25 z-1z2 
(See next page for secular equation.) 
Roots of the Secular Equation 
p1 = 0 
p2 = 0.05)155 
P; = 0.11656 
p4 = 0.24661 ~ 
p5 = 0.27821 
p6 = 0.47554 
1 
- = 0 
>., 
.L = 8;4 cm-1 
>.., 
2. 
w, = 0 
wi = 0.5;155 x 1028 
w~ = 1.1656 x 1028 
~ = 2.4661 X 1028 
~ 28 WS"' = 2. 7821 X 10 
tu:= 4;7554 X 1028 
1 c.)' 
-= t 
>-.;, 2 Tr c 
-1 em 
LV,= 0 
W4 = 0. 72894 X 1014 
14 ~3 = 1.0796 X 10 
14 ~"f= 1.5704 X 1Q, 
14 IJ,r-= 1.6680 X 10 
0 4 = 2.1550 X 1014 
+6.0818-P49.928 +~ • .1004 -o.076590 -174.746Q -7.4761 . -4.2441 
-h2.1004 +4.5719-F'42.015 ~ .1£05-1!2.$997 +2. 9419-P14. 765 -5.6818+P50.945 -6.1225+P28.237 
-o.076590 ~.1505-P2.-S997 -1$ .5596-P52 .'.86 2 ~.57515-P-2.0179. +J..4062-P10'5.08 ~.aes~...Ps7 .l;J4 I 50 10 ~ 
~.7460 +2.9419-Pl4.765 -0.57515-P2.0779 +10 .577 ..:PM.402 --$ .870CJ-aP44.114 -1.0759+:P24.451 
-7.4761 -5.6818+P50.945 +1.4062-P10B.oa ...!5.8700+1:\14.114 +74.504-P601.66 +50.627-P'-522. 95 
-4.2441. -6.1225m8.Z57 i$.8657-P57 .J.-'54 -1.0759t-P24.451 -f50.627-BB22.95 +40.251-P205.::57 
P6 - l.Ll348P5 +. 0.4S588P4 - .fJ.076097P"6 T.- 0.00440Q5P2 -1: Q.0000~7551P - a.OOOQ066957 • 0\ 
/ 
-..z: 
~ 
A" 
Kinetic Energy 
24 6 6 • 2 66 48 • 2. 4o • 2 6 6 . • 2T x 10 = + 12 • 7 x1 + • 7 x2 + • 792 x;> + 7 .1 8 xi x2 
+41.278 x1x, + ;>o.251.x2x' 
Potential Energy 
2V x lo-5 = + 5.6608 x1
2 + ;>.1386 x2
2 + 7.9895 x3
2 + ;>.9862. x1x2 
+ 6.1196 x1x3 + ;.6;>45 x2x;> 
Secular Equation 
+5~6608-P128.67 +1.9931-P;>8.084 +;>.0598-P20.639 
+1.9931-P;>8.084 +;>.1;>86-P66.748 +1.8172-Pl5.126 
. +3.0598-P20.6;>9 +1.8172-P15.126 +7.9894-P40.792 
Roots of the Secular Equation 
p 1 = 0.0;>811;> 
p2 = 0.19957 
P3 = o.o4;>96;> 
~ 28 
CV1 = 0.;>811;> X 10 
~ 28 'V~= 1.9957 X 10 
4)2.= 0.4;>965 X 1028 
~ 
6 14 ~,= 0. 1736 X 10 
"-'z. = 1.4126 X 1014 
w3 = 0.66;>06 x 10
14 
2,2-Dimethylprppane 
Synnnetry Table 
Td E 
A1 +1 
A2 +1 
E1 +2 
Fl +? 
F2 +? 
4> 0 
UR 5 
+1+2 cosp , 
-
X 15 
- 9 -
-
z. 
X 
ao5 6 o-d 6S4 ?02 
+1. +1 +1 +1 
+1 
-1 -1 +1 
-1 0 0 +2 
0 -1 +1 
-1 
I 0 +1 
-1 -1 
27r 0 Tr 1f ? 2 
2 ? 1 1 
l+'fi 
z. +l -1 -1 
.Z.+lf.f ? -1 +1 
0 ? -1 +1 
! :s~~x ::;:\:r:;~s ~~y 
~: :..;;;E~E E~ :::::;;E:RA~ 1~~~§ 
~~3~-(~'; 
..5"/. 
No of frequencies 
1 
0 
2* 
o-r 
6't 
*doubly degenerate 
ttriply degenerate 
Kinetic Energy :1.. ~ •• T = -2 A •• n. q. ij l.J ~J. -J ~ 
2T x 1o24 = + 255.oo x12 + 78.078 x2
2 + 252.96 x5
2 + 252.96 x42 
4 • 2 44 • 2 4 • 2 6 • 2 + 7 .956 y1 + 2 .78 Y2 + 9.928 Y; + 5 .215 z1 
+ 356.15 z22 - 68.694 x1x2 - 68.694 x1x3 - 68.694 i 1x4 
+ 1;2.58 x1z1 - 505.64 x1z2 + 106.25 x2x5 + 106.2; x2x4 
+ 44.192 x2z1 + 167.~8 x2z2 - 245.53 x5x4 - 86.650 x5y1 
- 519.;2 x5y2 + 86.478 x5y3 + 44.192 x3z1 + 167.88 x3z2 
+ 86.6;o x4y1 + 519.52 x4Y2 w 86.478 x~3 + 44.192 x4z1 
+ 167.88 x4z2 + 150.05 i 1i 2 - 99.856 y2y3 + 187.49 ~1z2 
Potential Energy 
2V x 10-5 = + 55.058 x12 + 25.895 x2
2 + 76.767 x3
2 
+ 105.08 x4
2 
+ 6.2295 y1
2 +. 146.86 y2
2 
+ 5.5550 Y;2 + 25.351 z1
2 
· + 9).618 z2 2 + 0.24192 x1x2 - 10.640 x1x3 - 25.412 x1x4 
- 8~5280 x1y2 + 8.5280 x1y3 - 62.492 x1z1 - 132.40 x1z2 
+ 30.046 x2x3 + 53.000 x2x4 + 1).254 x2y2 - 13.254 x2y3 
+ 17.647 x2z1 + 32.058 x2z2 - 102.67 x3x4- 39.658 x3y1 
- 187.58 x;y2 - 6.7252 XJY) + 17~647 x3z1 + 52.058 x;z2 
+ 39.658 X4Yl' + 220.28 Xl.JY2 ... 25.968 X4Y) + 27.198 X4Zl 
+ 68.)18 x4z2 + 57.808 y1y2 - 11.110 y2y5 + 5.5156 Y2Z1 
+ 20.946 Y2z2 - 5.5136 y;z1 - 20.946 y5z2 + 88.576 z1z2 
+55.0$8 -1':0.12098 -5.'5202 -12.706 
-P255.00 +.P£54.547 +P-.54.547 -tP-54.547 
~!2098 +25.895 +15.02'5 +26.500 
-h"'P54 .54 7 -P78.0.78 -P55.114 -P55.114 
-5.5202 .£15.025 -r76. 767 -51.3'56 
+:Bffi4 • .i547 -P5f5.114 · -P252.96 +P121.76 
-12.706 -1:26.500 -51.:ai'56 -H05.08 
+P'$4.547 -P55.l14 +:Pl21.76 -P252.96 
0 0 -19.829 ·1:-19.829 
+?45.~315 -..'i>4!5 ·'~i15 
-4.2659 -1:6.6268 -9.~.790 ia10.14 
-e?~59.66 -P259.66 
-M.2o59 -6.6268 -15.Z.S626 -12.984 
-P43.259 +P4~.2~9 
~1.246 +8 .. 8256 +3~82 .. 36 -Ell3.599 
-EP66.289 -1?22.096 -P22.096 -P22.096 
-66.198 -El6.019 +1.6.019 -t:B4.159 
+P251.82 -P8~.941 -P85.941 -P85.941: 
0 -4.2659 -r4.2659 
0 +6.6268 -6.6268 
-19.829 -95.790: -5.5626 
+P45.515 +.P259.66 -P-45.259 
·lfl9.829 +JJ.O.l4 -12.984 
-P4$.515 -P259.66 -lfP45. 2'59 
.-t£.2295 +28.904 0 
-E'74.9:56 -P75.024 
-E28.904 -l£1.46~86 -5.5550 
-F75.024 -F'424.78 +P49.928 
0 -5.5550 -£5.5550 
-tP49.928 -:1?49.928 
0 +2.7568 -2.7568 
0 -fEL0.475 -10.47:5 
..;g1.248 
-fal66.289 
~8.8256 
-P22.096 
-t8.82S6 
-F22.096 
~.599 
-P22.096 
0 
-1:2.7568 
-2.7568 
-f25.~51 
-1?56.21'5 
1!44.188 
-!'9.5.747 
-66.197 
+P251.82 
-fl6.019 
-P85.94I 
+16.0il9 
-P8'5.941 
T54.159 
-P8'5.94~ 
0 
+~0.4'ro 
-10.47.5 
T.44.188 
-Pr.JS.747 
+~.618 
-P.i;56.15 
lx1o'f"= o 
~ 
»J 
Secular Equation 
p9 - 1.7125 P8 + 1.1558 P7 - 0.)8872 P6 + 6.79)9 X 10-2 p5 
-
- 5.8454 X 10-J P4 + 1.989) X 10-4 pJ - 4.)915 X 10-7 P2 
+ ).))01 X 10-lO p - 8.4827 X l0-l4 = 0 
Roots of the Secular Equation 
2 2 2 28 w 1 = w 2 = · w) = 0.007702 x 10 
2 2 28 
w 4 = w5 = 1.0622 x 10 
LU {+ = 0
5 
= 1.0)06 X 1014 
p6 = 0.20625 2 28 lc) 6 = 2.0625 X 10 
, 14 ~6 = 1.4)61 X 10 
14 
W = LV = w
9 
= 2.0748 X 10 . 7 8 
1 1 1 -1 
- = - = - = 1102 em 
>.7 A<B A"' ~ 
CONCLUSIONS 
The £requencies computed in the present paper agree as 
closely as could be expected with the experimental £requencies 
, 
available for the same three isomers of pentane. The present 
paper is admittedly a first approximation. Moreover, because 
vibrations of the hydrogen atoms are neglected, the computed 
spectrum would be less _complex than that £ound experimentally. 
Since one set of £orce constants gave imaginary roots for 
the secular equation and hence no real vibration of the atoms, 
and the second set used did give possible frequencies, a still 
different choice of £orce constants might give a closer agreememt 
between computed and experimental frequencies. 
A suggestion for further work would be to use a series of 
seta of £orce constants to try to get better results. This 
would involve a great mani laborious compu~ations by the method 
now at our command. As a by-product of the present method of 
solving the molecular problem, it would be extremely useful, and 
would greatly reduce the time and labor .involved if a method 
could be £ound to solve £or the roots directly £rom the . 
determinant. At present, given an nth degree equation, when one 
root is found, the equation can be reduced to (n-l)et degree and 
eo on down. The nth order determinant corresponds to the nth 
degree equation but no method seems available for reducing the 
determinant to (n-1) order even when one root is known. A 
method of this variety would eliminate the necessity for 
evaluating the 9th order determinant to get the 9th degree 
secular equation and then to find the roots, in the 
2,2-dimethylpropane problem. 
Comparison of computed and experimental wave numbers is 
sho>~ in the next three tables. Experimental values £on the 
infra-red are from American Petroleum Project #44 Reports. 
Experimental values for the Raman spectrum come from Annual 
Tables of Constants and Numerical Data, Vol XI, McGraw Hill, 
19;51-19;54 • 
.. 
• 
n-pentane Computed cm-1 Experimental cm-1 
Infra-red Raman 
4100 
2932 
1476 
1462 
141) 
1408 
1)91 
1))5 
1299 
1276 
1146 
1097 11)8 
107) 
1041 10)6 
998 1018 
964 
917 
900 
86) 862 
8)8 
784 795 
768 
764 
727 
470 
429 400 
)22 ))4 
192 
st. 
-
2-methyl butane computed cm-1 -1 experimental em 
Infra-red Raman 
I 4155 I 
2902 
2590 
1485 
1455 
1395 
1540 
1500 
1290 
1196 
1172 
1161 
1145 1156 
1044 
10~3 
1020 
977 954 886 915 
854 
911 
800 
798 
749 764 
766 
575 
' 517 
468 . 
462 
. 
587 > 
' 508 
555 
528 
. 
S7, 
2,2-dimethylpropane computed cm-1 experimental c.m-1 
Infra-red Raman 
4100 
~~00 
2920 
2~00 
2000 
1490 
145) 
1)70 
1257 
1250 
1102 1142 
944 
922 921 
762 790 
. 7~1 
547 
416 
47 
)55 

APPENDIX I 
OYCLOPENTANE 
~lork done on cyclopentane has been reported by Kilpatrick, 
Pitzer, and Spitzer.1 Their calculations were based on the planar 
model of cyclopentane disregarding the puckered ring model. The 
planar model has symmetry D5h. 
The follo\'ling wave numbers are taken from Table II in the cited 
article. 
Infrared 
Observed Calculated 
1462 
1;76 
1;17 
1250 
950 
895 
827 
769 
616 
645 
1449 
1298 
951 
896 
Raman 
Observed Calculated 
1448 1452 
1450 
1298 
1216 1207 
10;2 1049 
905 
888 8,S 
595 
288 
The conclusion dralm by the authors was that agreement between 
calculated and observed values was relatively good above 800 cm-1 
and that the lack of agreement below 800 cm-1 was probably due to 
puckering. 
1. J. E. Kilpatrick, K. S. Pitzer, R. Spitzer,~ Thermodynamics 
and Molecular Structure of Cyclopentane, J. Am. Ohem, Soc. 69 
October 1947. 
APPENDIX II 
Solution of the nth Order Determinant 
For the solution of each frequency, a determinant had to be 
solved. In some cases this was simple --- \'then the determinant 
was of third order or leas. But wpen a fourth, fifth, or sixth 
order presented itself it seamed advisable to search for a method of 
solution which involved as feW'Operations as possible. This \'Tas not 
only for reasons of economy of time but also to reduce the 
possibilities for error. The following method due to F. Chio1 was 
found convenient in ma.ey cases. 
Given a determinant 
a b c d 
e f g h 
= 0 
i j k 1 
m n 0 p 
Divide one row or one column by the q~antity necessary tomake one 
element of that row or column unity. If the determinant was not 
equal to zero, this quantity would be taken outside (with the 
proper sign in'accordance with the laws of determining signs of 
cofactora) as a factor multiplied by the remaining determinant. 
Since each of the determinants in the present paper is set equal to 
zero, these factors could be disregarded. 
Assume that the element, j, in the above determinant is 
already unity. Then the determinant of order one less, in this 
1. L. A. Pipes, Applied Mathematics for Engineers and Physicists, 
p. 74-76. 
example the third order~ can be written immediately. 
a- ib c - kb d- lb 
(-1))+2 e - if g - kf h- lf, = 0 
m- in c- kn p - ln 
When the elements of the original determinant are entirely 
n~erical, this method easily reduces a determinant of nth ord~r 
to one of order n-1. If the elements contain a variable, as in the 
present paper, the method was useful in reducing a determinant of 
order n to one of n-1 and then n-2. Beyond that, it became too . 
cumbersome to use. The method was also useful in making numerical 
checks. 
When it was convenient to expand the secular determinant, 
the roots were found from the equation by Horner's method. In 
cases where the determinant was of higher order than the sixth, the 
roots were found by ~ubstituting values of P directly into the 
determinant, and solving the numerical determinant by the method 
indicated above. By solving a succession of such determinants 
each using a slightly different value of the variable, the graph 
of the function could be sketched and from that a value of the 
roots determined. 
APPENDIX III 
Method of Solving a Determin&nt Containing a Variable in Eaqh Element 
Given an nth order determinant (5 for example) with each 
element of the form (ai + Pbi) where a and b are constants and 
P is variable. 
a1 + Pb1 a2 + Pb2 a5 + Pb5 a4 + Pb4 a5 + Pb5 
a6 + Pb6 ~·+ Pb7 a8 + Pb8 ~ + Pb9 a10+Pb10 
all+Pbll al2+Pbl2 · al5+Pb15 al4+Pbl4 al5+Pbl5 
al6+Pbl6 al7+Pbi7 al8+Pbl8 a19+Pb19 a20+Pb20 
a2l+Pb2l a22+Pb22 a24+Pb24 a25+Pb25 a26+Pb26 
Divide each column by the absolute value of the constant term 
in<the first row and put the product of th~se factors outside ·the 
determinant. That leaves a 5th order determinant with the elements 
in the first row of th~ form (1 + Pb1 1). 
Subtract the first column from the second, the second from 
the third, and so on, leaving in the new determinant, elements of 
the second, third, fourth, and fifth columns in. the form Pbi 11 and 
1 the first row first column unchanged. 
Divide each column by the absolute value of the coefficient 
of P in the first row. This leaves the first row, first column in 
the form a 1 + P and the first row of the remaining columns as P. 
The coefficient outside the determinant must now contain another 
factor equal to the product of the new divisors. 
{g I. 
Subtract the fifth column from the fourth, the fourth from 
the third, and so on. By this time the first rov1 will contain 
zero for each element except in the first and last columns. The 
first row last column will contain P. The first rovt first column 
will contain a constant. 
Divide the first column by the absolute value of the constant 
in the first row and add the same quantit~ as a factor outside the 
determinant. NO'\i the first row first column is 1. 
The determinant has thus been reduced to a form from which it 
can be expanded by minors into t\'TO determinants of one ord.er lower. 
If some such device as the above is not employed, the original 
5th order determinant would require five determinants of fourth 
order to express the expansion. 
The reason £or dividing by the absolute value' of the quantities 
in the first row is to avoid errors in sign. This method could be 
used for a determinant of any order. 
A check for numerical error~ in the above method is to 
evaluate the original determinant numerically for P = 1. When 
the two 4th order determinants have been v1ritten, evaluate them 
for P = 1. The sum of the two 4th order determinants should equal 
the value of the 5th order determinant. 
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ABSTRACT 
The purpose of this paper is to evaluate to a first approxim~tion 
and from theoretical considerations only, the normal frequencies of 
vibration for the infra-red and Raman spectra of three isomers of 
pentane (c5H12). The isomers are n-pentane, 2-methylbutane, and 
2,2-dimethylpr9pane. Theoretical data come from the geometrical 
symmetry of the molecule, force constants due to 0-0 stretching and 
c-e-o bending, angles between carbon bonds, masses of carbon and 
hydrogen atoms. The work of this paper is confined to the skeletal 
frequencies due to vibrations of the carbon atoms, considering the 
hydrogen atoms frozen to the carbon atoms. 
Work in the field of molecular vibration spectra has been done 
by several investigators such as D. M. Dennison at the Univers.ity of 
Michigan, E. Bright Wilson, Jr. at Harvard University, G. B. B. M. 
Sutherland at both Cambridge, England and the University of Michigan. 
Since there are f~ve carbon atoms to be considered, the problem 
starts with fifteen coordinates, three for each atom. But pure 
translation and pure rotation of the molecule are ruled out of this 
discussion. Hence the number of independent coordinates would be 
nine at most. By making use of the geometricai symmetry of the 
molecule and the corresponding symmetry tables (found in Herzberg's 
Infrared and Raman Spectra of Polyatomic Molecules and other books) 
the total number of frequencies can be separated into several modes 
each involving only a few coordinates. These modes are designated as 
A1, A2 for non-degenerate symmetrical vibrations with respect to an axis, 
A1 , A" for non-degenerate symmetrical vibrations with respect to a plane, 
B1, B2.for non-degenerate skew-symmetrical vibrations with respect to 
an axis, 
E1 for doubly degenerate and 
F1, F2 for triply degenerate vibrations. 
Also from the symmetry table the number of frequencies corresponding 
to each mode can be computed. 
As an illustration 
02v E o2(z) a- (xz) a-v(yz) v 
A1 +1 +1 +1 +1 
A2 +1 +1 -1 -1 
Bl +1 -1 +1 -1 
B2 +1 -1 -1 +1 
~ 0 y 0 0 
~ 5 1 1 5 
~1+2 cos i ; -1 1 1 / 
X 15 -1 1 5 
...... 9 1 1 5 -....... 
E = identity operation; 02 = rotation about a 2-fold axis; ~v = reflection 
in the indicated plane; ~ = angle through which the symmetry operation 
at the head of the column takes the molecule; UR = number of invariant 
atoms under the several operations (designated in general by R); 
(±1+2 cos~)= sum of the terms on the main diagonal of a determinant 
made up of coefficients of the original coordinates in the transformation 
equations for a pure rotation, or rotation and reflection; )l= character 
of the operation found by multiplying UR by the corresponding spur; 
~ = (UR- 2)(+1+2 cos f) for the identity and rotation operations; and 
-=- = (UR)(-1+2 cos~) for all other operations. :=;:forE gives the total 
number of frequencies for the isomer, nine for the carbon atoms of 
pentane. 
The number of frequencies for each mode can be computed by taking 
the sum of (~)(symmetry character for each operation) and dividing 
by the total number of operations. For example for A1 
(9)(1) + (1)(1) + (1)(1) + (5)(1) - 4 4 -
The frequencies for each mode can be computed without reference to 
the other modes. If the mode has four frequencies, four independent 
coordinates can be found by determining relations among the original 
nine coordinates. 
Assuming the vibrations to be small and simple harmonic, the 
potential (V),and the kinetic (T) energies can be found, the general 
expressions being 
i, j = 1 to 5 V = ~ ;E.c .. q. q. 
l.J l. J 
l. ..,..... •• 
T = 2 .z.....diJ•.q. q. 
. l. J 
where cij is a force ~onstant for c-o stretching or c-e-o bending; 
dij is a constant depending on the mass of the atoms; qiqj are the 
... 
coordinates of the ith and jth atoms; qiqj are the time derivatives 
of the coordinates. 
vii 
To evaluate the potential energy function, find an expression for 
. 
the length of each of the bonds with the atoms in their equilibrium 
positions,~j; the change in position of each atom, Si; the corrected 
length of the bond, Lij = :Jij + S i - ~ j; and A Lij = jLi~ -~Jijl j > i 
The potential energy function contains terms such as ki(ALij)2 due to 
str'?tching and k2(AG1i)
2 due to bending of the bonds. (.d Lij)2 and 
2 (49i) can be evaluated by using either a Taylor expansion or the 
binomial expansion. The latter involves less lengthy algebraic 
operations. In the expansion, the constant term may be taken as zero 
because the potential energy is defined as zero in the equilibrium 
position. Since we assume an equilibrium configuration to exist, the 
first deri~ative will be zero also for a minimum in potential energy. 
Second power terms will not, in general, be zero. No terms above the 
second power need be preserved because the oscillation~ are assumed 
small. 
k1 and k2 are force constants for which the literature contains 
several values. k1 = 4.12 x 105 dynes/em and k2t[2 = 0.~7 x 105 dynes/em 
gave acceptable results. There were taken from C. 0. Ahonen, 11A Theoretical 
Evaluation of Normal Frequencies of Vib~ation of the Isomeric Octanes 11 , 
Journal of Chemical Physics, volume 14, no. 10, pages 625-6~6, October, 1946. 
The kinetic energy function was computed from the masses of carbon 
and hydrogen atoms and the time derivatives of the coordinates found 
earlier. 
viii 
Knowing both potential and kinetic energy, set up the Lagrangian 
for each coordinate. Since vibrations are assumed simple harmonic, each 
coordinate may be considered of the form O(exponent itVt). Then if Aij 
are the coefficients of terms in the T equation and Bij' the coefficients 
of terms in the V equation, the Lagrangian is of the form 
2 (Bij - uv Aij)qj = 0 
Determinants are used to solve these equ~tions for ~2 and then for 
wave numbers. 
RESULTS 
computed wave numbers (cm-1) 
n-pentane 
Al 192, 522, 998, 1041 
'A 2 0 
Bl 0 
B2 429, 784, 1097 
2-methylbutane 
A' o, 587, 575, 8)4, 886, 1145 
A" 528, 555, 749 
2,2-dimethylpropane 
Al 762 
A2 0 
El 547, 547 
Fl 0 
/ 
F2 47, 47, 47, 1102, 1102, 1102 
f')(. 
Experimental results are available for the infra-red in reports 
on American Petroleum Project #44 for n-pentane from 700 to 4200 cm-1, 
for 2-methylbutane from 460 to 4200 cm-1, and 2,2-dimethylpropane 
from 900 to 4200 cm-1• Experimental Raman lines were recorded in 
Annual' Tables of Constants and Numerical Data, Vol. XI, McGraw·Hill, 
19~1-19~4. Agreement between these values and those computed in this 
paper is as close as could be expected. Those showing the best 
approximation are listed below. 
Computed cm-1 Experimental cm-1 
Infra-red Raman 
n-pentane 1041 10~6 
998 1018 
~22 ~~ 
2-methylbutane 114~ 11~6 
886 915 
749 764 
2,2-dimethylpropane 1102 1142 
A different choice of force constants might yield a closer approximation. 
The method used in this paper is at best a first approximation, and 
1 
since the vibrations of the hydrogen atoms are neglected, the spectrum 
computed is less complex than experiments would show. 
Normal modes of vibration were computed for n-pentane and 
2-methylbutane. 
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